Spectral noise for edge states at filling factor z/ = 5/2 
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Abstract. We present a detailed analysis of finite frequency noise for the v = 5/2 
fractional quantum Hall state in a quantum point contact geometry. The results are 
obtained within the Pfafhan and anti-Pfafhan models. We show that the behaviour of 
the coloured noise allows unambigously to discriminate among tunneling excitations with 
different charges. Optimal values of the external bias are found in order to emphasize the 
visibility of the noise peak associated with the tunneling of a 2-agglomerate, namely an 
excitation with charge double of the fundamental one. These correspond to the regime in 
which the bias is larger than the neutral modes cut-off frequency. The dependence on the 
temperature is also investigated in order to discriminate between the considered models. 



PACS numbers: 73.43.Jn, 71.10.Pm, 73.50.Td 
1. Introduction 

One of the more challenging and intriguing examples of strongly correlated electrons system 
is represented by the Fractional Quantum Hall (FQH) fluid [1] . In recent years this peculiar 
state of matter has been subject of many theoretical and experimental studies, leading 
to the observation of a large variety of states at different values of the filling factor i> [2]. 
Among them, the u = 5/2 state [3] has recently attracted increasing attention also in view of 
its promising application to the topologically protected quantum computation P]. Several 
models were proposed in order to describe this peculiar state [5] ranging from Abelian 
models, already considered for other states [6l [7] to more exotic non- Abelian descriptions 
such as the Pfaffian model [H [9] and its particle-hole conjugate, the anti-Pfaffian one 
fLOi [TTl [T2] . Despite different statistical predictions [I3] , all these models have the common 
prediction of a fundamental excitation with charge e/4 (e the electron charge), the single- 
quasiparticle (qp). At the bulk level, signature of this value have been recently found in [T3]. 
For edge states this result was confirmed in a Quantum Point Contact (QPC) geometry [15] 
allowing tunnelling of excitations between the edge of the Hall bar. Here, measurements of 
the differential backscattering conductance [I6] confirmed the presence of an e/4 tunnelling 
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charge. Other experiments focused on the zero frequency shot noise through the QPC, as 
aheady used for different filhng factors [T7t IT8| [T9] . also confirmed the e/4 charge as the 
relevant tunneling excitation [20] . 

Recent experiments carried out at extremely low temperatures [21], showed a richer 
phenomenology with an evolution of the tunnelling charge from e/4 to e/2, lowering the 
temperature [22]. Similar behaviour has been found also for other composite edge states 
[T9| |23] , indicating the possible common trend of tunneling excitations with charge greater 
than the fundamental one at low energies [2H [25] . 

Despite these preliminary indications, there is still an open debate about which charge is 
involved in the tunneling through the QPC. The main purpose of this paper is to shed light 
on this issue and to unambingously determine the charge excitation who is participating to 
tunneling. In order to answer this question we analyze the symmetrized finite frequency 
noise [26] as a property complementary and alternative to the current and the zero frequency 
noise. We will focus on Pfaffian and anti-Pfaffian models. 

From the experimental point of view, measurements of coloured noise have been carried 
out for a QPC in a 2D electron gas without magnetic field [27]. Nevertheless, great 
efforts are devoted to extend the observations to more interesting cases including the FQH 
regime. Here, much of the relevant physics is at frequencies around the Josephson frequency 
Uq = e*V/h, (e* the charge of the elementary excitation) that is in the range of GHz for 
external bias V in the range of fiV. These values, although high, should be experimentally 
observable. 

From a theoretical point of view the coulored noise was investigated for the Laughlin 
sequence [2H] , and predicted to show a resonance at the Josephson frequency [291 EDI EH |32] . 
Also the filling factor u = 5/2 has been considered, but only for the fundamental charge 
contribution in the Pfaffian model, in order to extract signatures of the non-Abelian statistics 
of the excitations [33]. 

In this paper we discriminate among the different tunneling charges involved in the 
transport, being their contributions resolved at different frequencies. We demonstrate, 
for both models, the necessity to consider voltages larger than the neutral modes cut- 
off frequency, in order to efficiently detect tunneling of the 2-agglomerate. The Pfaffian 
and anti-Pfaffian models are also compared regarding their different behaviour in the 
temperature scaling of the peaks. 

The paper is divided as follow. Sec. [2] introduces the two models for filling factor 
V = 5/2 and the tunneling Hamiltonian for the QPC geometry. The relations between 
finite frequency noise and tunneling rates are discussed with the evaluation of the tunneling 
scaling properties. Sec. [3]is devoted to the analysis of the results for the frequency dependent 
noise as a function of external bias and temperature, focusing on the possibility to detect 
tunneling excitations with charge higher than the fundamental one. In Sec. |4]we sum up 
the main results of the paper. 
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2. Transport properties 

2.1. Model 

We consider the effective field theoretical description of edge states at filling factor i/ = 5/2 
for the Pfaffian [HI |9], and the disorder dominated anti-Pfaffian models [101 E]- The 
Lagrangian density C = Cc + -Cn, with {h = 1) 

'Cc = --^d^ipc {dtipc + Vcd^Lpc) (1) 
Zn 

and 

£n = -iip {^dtip + Vr^d^tp) - —d^ipn Hdtifn + v^d^ip^) , (2) 

describes the Hall fluid at fllling factor z/ = 1/2 with two completely fllled inert Landau 
levels that represent the vacuum of the theory. The charged bosonic fleld (pc{x) is related 
to the electron number density p{x) = dxy:>c{x)/27r, while (fn{x) is a bosonic neutral fleld, 
and ijj{x) a neutral Majorana fermion [Mj. The parameter ^ = ±1 denotes the direction 
of propagation of neutral modes with respect to the charged one. The two models differ in 
the neutral sector only, with a = and ^ = 1 for the Pfaffian model (P), a = 1 and 
^ = — 1 for the anti-Pfaffian (AP) one. The propagation velocities of the charged and neutral 
modes are indicated with Vc and respectively. Numerical calculations carried out for the 
Pfaffian case suggest that Vc > [35]. In accordance with the results [11] obtained within 
the disorder dominated phase of the anti-Pfaffian model we assume an equal velocity 
both for the bosonic and fermionic part of the neutral sector. We also introduce the energy 
bandwidths cOc/n = fl~^^'c/n; with a a finite length cut-off. In all the paper we will assume 
Uc as the largest energy. The quantization of the bosonic fields is given by the commutators 

[(Pc/n{x), (Pc/n{y)] = «vrz/c/nSgn(x - y) , (3) 

with z/c = 1/2 and z/n = ^, while the Majorana fermion commutes with both. 
Operators destroying an excitation along the edge are [HI ITT] 

¥^'"'\x) oc x(x)e't^^(-) 

oc x(x)e4f ^^W+t^"(-)] , (4) 

with m,n & 7j and where xi^) belongs to the Ising conformal field theory [SB]- The latter 
can be the identity operator /, the Majorana fermion iIj{x) or the spin operator a{x). The 
electric charge associated to the operators in (jlj) is (m/4)e, and depends only on the charged 
mode. In the following, we will call an (m/4)e-charged excitation as m-agglomerate [22| |2T]. 
The single-valuedness properties of m-agglomerates with respect to the electrons, force m 
and n to be: even integers for x = / or ?/;, and odd integers for x = [12] • Note that, 
in the Ising sector, the spin operator a, due to its non-trivial operator product expansion 
a X a = I + ip [36], leads to the non-Abelian statistics of the excitations [H [T3] . 
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2.2. Tunneling through a QPC 

Tunnelling of a generic m-agglomerate between the two edges of the Hall bar, through 
the QPC at X = is described by H^^^ = t^^^^\o)^'f'^\o) + h.c, where ^J™^ is the 
annihilation operator of a m-agglomerate (cf. Eq.dl])) on the right j = R and left j = L 
edges. For simplicity, if not necessary, we will omit all other indices present in (|4]) treating 
the two models on the same footing. The tunnelling amplitudes tm depend on factors like the 
geometry of the constriction, the intensity of the gate potential and the details of the edge 
structure. Although in general these amplitudes can be energy dependent [15] for sake of 
clarity and to restrict the number of free parameters, in the following we will assume them as 
m-dependent constants. Once a comparison with the experiments will become possible this 
assumption will be verified and possibly more complex choices will be considered. The total 
tunnelling Hamiltonian will consist of the sum over all possible excitations Ht = Ylm-^T^^- 
In this paper we will focus on the weak tunnelling regime. At lowest order in Ht the 
backscattering current of the ?7i- agglomerate (jjj ^) and the symmetrized noise Sj^ ^('^) '^^^ 
directly written in terms of the tunneling rates j26]. Here, we quote the final relations 
only, being these already discussed in other works where full out of equilibrium approaches, 
such as the Keldysh Green's function method, were applied [261 1321 133] . Using the detailed 
balance relation the current is [37] {ks = 1) 

{I^^\ooo)) = me* (1 - e-'"-"/^) r(-)(a;o) , (5) 

with the golden rule tunnelling rate at fixed voltage 

/ + 00 
dre^™^-G<,^(0,-r)G>,jO,r). (6) 
-oo 

Here, Uq = e*V (e* = e/4) is the Josephson frequency associated to the single-qp with V 
the bias. The correlators G>j{0,t) = {¥j^\o,t)¥f'^\o,0)) = {G</0,t)y are the two 
point Green's functions of the m-agglomerate operators on the edge j = R, L. It is worth 
to note that, at the lowest order in the tunnelling, the detailed balance relation is satisfied. 
Indeed, for weak tunneling the time between two tunneling events is much longer than any 
other time scale including the time that the collective excitations take to thermalize. In the 
Keldysh formalism one can easily show that the detailed balance condition derives directly, 
considering the contribution of the tunnelling at the lowest order. 
Similarly, the noise spectral density 

f+OO 

St\u)= dre^-^St\T), (7) 



oo 



with 



is related to the rate by extending what developed in Ref. [37] to finite frequency. Here, for 
sake of simplicity, we focus on the backscattering current noise, whereas in experiments 
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the total current noise is often measured. At zero frequency, in the lowest order in 
the tunneling, the backscattering noise can be directly connected with the total current 
noise [311 EH] . However, at finite frequency, one needs in general a four terminal setup and 
the backscattering noise is given by an appropriate measurement of the correlators of the 
different terminals. A complete and exhaustive study of these issues can be found in [32] . 
Our choice give us the possibility to keep our discussion as simpler as possible, directly in 
terms of a physically relevant quantity , the backscattering current. All the other possible 
correlators could be obtained using the techniques developed in [32]. One then has 

S^^\oo) = [r^'^H^^M + u^o) + r(^\eu/m - Co)] , (9) 

or equivalently in terms of the backscattering current 

S^-\uj) = lime*) g coth {l'^\eco/m + coo)) . (10) 

This result is fully consistent with the non-equilibrium fluctuation-dissipation theorem 
derived time ago for a single barrier tunnelling Hamiltonian [261 EB ES]. From (Q one 
can easily restore the well known result for the zero frequency limit [371 ESI SO] • 
At the same perturbative order the total noise will be 

Ss{co) = J2s'b'\^)- (11) 

m 

being the contributions of the different m-agglomerate independent at the lowest order. 
Note that the total backscattering current is also given by {Ib) = ^mi-^B^^)- 
These simple relations flTOl) and flTTl) are due to the Poissonian statistics of the tunnelling 
processes at lowest order in and to the independency of the sources of noise. 



2.3. Scaling behaviour 

Let us now focus on the evaluation of the rate ([6]), starting with the zero temperature limit. 
Here, the Green's functions are 



(MM) =J^—^. (12) 

{ip s{0, t) ip s{0, 0)) = -\us\ In {1 + iujst) s = c,n (13) 

for the Ising sector and for the charged and neutral bosonic fields respectively. Due to 

the independence of the Ising and bosonic sectors, the Green functions factorize and the 
tunneling rate reads 

U 12 r+oo imEt' i 

r(™)(E) = /^/ dt' — ^, (14) 
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with 6i = 0, 6^ = 1 and 6„ = 1/8 the conformal weights of the field in the Ising sector 
[H |36l [13] . The above integral can be performed leading to 

(mE)' 





2 








27ra2 







e 



r(?7m + l^a 

mE mE 



e{mE). (15) 



Here, iFi[a;fe;^] is the Kummer confluent hypergeometric function [l2], rjm = the 
charge exponent and fia = 25^ + av? jl the model dependent neutral exponent (a = for 
the Pfaffian model and a = 1 for the anti-Pfaffian one). 

Note that for equal neutral and charge mode velocities, i.e. Uc = oJn, the above formula 
reduces to 

recovering the standard result for a Luttinger liquid [30l [33l [43], HH |45] . 
The rate (fT5|) shows different regimes depending on the value of the energy with respect to 
the cut-off frequency u-a of the neutral modes. Note that the charge cut-off Uc is assumed 
as the largest energy scale and it does not enter in the definition of these regimes. At low 
energies E <^ the rate scales as 

r(™)(E) f^E^^Kp-i (17) 

receiving contributions from both the charged and the neutral modes. In the same limit, 
for frequencies close to the Josephson frequency u — )■ muo, one has (cf. Eq.(l9])) 

S''^\uj muJo) ^{oo- mwo)''^^'^^^"' • (18) 

Here, Ap"^p are the m-agglomerate scaling dimensions of the operators (jlj), for the Pfaffian 
and anti-Pfaffian models respectively. They are deduced by the long-time behaviour at 
T = of the imaginary time two-point Green's function (Tr\i/(r)\E'"''(0)) oc |t|~^^ |16] 

A^T^ = \ + -m^; Af;) = \ + —m' + -n^ . (19) 
p 2 ^ 16 ' 2 ^ 16 8 ^ ' 

For the single-qp fundamental charge they are given bym = l,n = ±l and x = ex 

A?> = i; A«=i. (20) 

For the next excitation, the 2-agglomerate, the scaling are driven by the charged mode 
contribution only with m = 2, n = 0, X = ^ 

A?' = A« = i. (21) 

These behaviours indicate the single-qp particle as the most dominant excitation in the 
Pfaffian case, while in the anti-Pfaffian case single-qp and 2-agglomerate have equal relevance 
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with the same scahng dimensions [TT] . All other excitations, with higher charges, have higher 
scaling dimensions and can be safely neglected in the frequencies region u < 2e*V. 
Note that the peculiar values of the scaling fl20|) and fl2T|) implies a divergent power-law 
behaviour of the total noise only for the Pfaffian case due to the single-qp contribution 
Sb{oj — coq) ^ (cu — wo)"^/^. In all other cases this quantity appears fiat due to the power- 
law cancellation in ( IT8l) . therefore it will be more difficult to separate the contribution of 
different excitations. For example, at w — > 2uo the 2-agglomerate can be detected only 



if S^s\2uo) < S''s\2uo). As we will see, this condition can be more easily achieved by 
considering energies (bias) higher than the neutral mode cut-off, > Wn- Indeed, in this 
case the neutral modes are saturated modifying the scaling dimension (!20|) of the single-qp 
leading to a lower effective dimension 



A 



(1) 



A 



(1) 

AP 



1 

16 



f22) 



which will be active at the tail of the single-qp peak. On the other hands, they leave 
unaffected the 2-agglomerate scaling as in ( 12T|) . Then, the tail of the single-qp near 
u = 2ujq will drop faster with respect to the case when uq < giving more visibility 
to the agglomerate itself. We will see in detail this behaviour in the next section. 
At finite temperature the above behaviours will be smoothened with more remarkable 
changes near to the Josephson resonances u = muo for T > \uj — muJo\. To quantitatively 
determine the temperature infiuence on the noise we consider the finite temperature 
expressions for the Green's functions in Eqs. fll2tiT3l) both for the bosonic \37\ WT\ and 
the Ising [9] fields 



(x(o,t)x(o,o)) 

{ips{0,t)ips{0,0)) 



12 1 * 



\T{l + T/uJr,-itT) 

r2 (1 + T/Wn) (1 + iUnt) 

, \T^l+T/us){l + tuJst) 
i/Jln 



c, n 



(23) 
(24) 



\T{l + T/us-itT)\-' 

The tunneling rate iHM can be still explicitly evaluated for temperatures lower than the 
bandwidths, namely T <^ 0Jn,uJc, leading to 



rM(E) 



\tr. 



{27r)'^- 



m 



(27ra)2 w^w^^" 



X B Ir] 



, mE 



, mE 



(25) 



27rT' "" ' ' ~27iT^ 

being B{a;b) the Euler beta function [42]. At higher temperatures we evaluate the rate 
numerically. 

Around the Josephson frequencies the noise in ffTOj) assume the simple form 

{oo ^ mojo) ^ TG^ (T) (26) 
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Figure 1. Noise S b{'-^) / e{I b) as a function of frequency for tlie Pfaffian model with a) 
K = 0.5 and h) n ~ 2. The different values of the bias are: = 30 mK (red, solid), 
Wo = 100 mK (green, long dash), wq = 200 mK (blue, short dash) and loq = 300 mK 
(magenta, dotted). Other parameters are: ojc = 500 mK, ui^ = 50 mK, T = 10 mK. Unit 
of frequency wq — eV/A. 



in terms of the m-agglomerate linear conductance 

Gt\T) = {mer—f^. (27) 

The power-law behaviour for the height of the peaks as a function of the temperature is 
therefore given by S'j^\uj muo) ^ r'''"+'^"-^ for T < and S'j^\Lo muo) ^ T''-"^ 
for T ^ ojn- 



3. Results 



In this Section we will discuss the behaviour of the ratio Sb{<^) / ^{Ib) which, at zero 
frequency, corresponds to the standard definition of the Fano factor [231 [37]. We focus 
the analysis on a frequency regime up to the second Josephson resonance u = 2ujo, despite 
one could extend to higher frequencies. Therefore, we restrict the sum in the total noise 
( ITTl) to m = 1,2. For notational convenience we introduce k = |t2p/|^iP, which represents 
the relative weight of the 2-agglomerate amplitude in comparison to the single-qp one. The 
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Figure 2. Noise Sb{i^) /e{lB) as a function of frequency for the anti-Pfaffian model with 
a) K = 0.5 and b) k = 2. The different values of the bias are: wq = 30 mK (red, solid), 
Wo = 100 niK (green, long dash), uiq = 200 mK (blue, short dash) and wq ^ 300 mK 
(magenta, dotted). Other parameters as in FiglT] Unit of frequency cjq = eF/4. 



charge mode bandwidth is assumed of the same order of the activation gap for the Hall fluid 
at z/ = 5/2 {uJc = 500 mK) [47]. 

Let us start by considering the noise as a function of frequency varying the external bias Uq, 
for different ratios n. This will allow to find optimal values of Uq necessary to increase the 
visibility of the 2-agglomerate. Notice that, for the higher values of the frequency u plotted 
in the Figures one could expect also additional features related to the bulk quasiparticle 
dynamics, whose analysis is beyond the aim of this paper. The values of cuq (i-e. the 
bias) must be carefully tuned considering that, the decreasing of this quantity leads to an 
increase of the relative importance of the thermal noise contribution. In our discussion 
we took the bias at quite high values to make the thermal effects on the finite frequency 
spectrum as smaller as possible. A better compromise can be considered in the presence of 
a real experiments. Nevertheless, in such case, one need also to keep the frequency window 
of the measurement as smaller as possible and to consider energies smaller than the gap. 
Figures [T]|2] show this analysis for the two different models (Fig. [1] for the Pfaffian mode 
and Fig. |2]for the anti-Pfaffian one respectively). 

All Figures show a general trend: the single-qp excitation peak ai u = ujq is always well 
visible and much more pronounced in the Pfaffian model, while the 2-agglomerate peak at 
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Figure 3. Noise SB{ij-')/e{lB) as a function of frequency for the Pfaffian model a) and 
the anti-Pfafhan model b) at different temperatures: T = 1 mK (red, solid), T = 10 mK 
(green, long dashed), T = 30 mK (blue, dashed) and T = 100 mK (magenta, dotted). 
Other parameters are: k — 2, oj^ — 500 mK, utn — 50 mK and ojq — 300 mK. Unit of 
frequency cjq = eV/4:. 

u = 2uq increases notably its visibility in the regime Uq > namely at bias larger than the 
neutral cut-off u^- This result is in agreement with the discussion of the previous Section 
on the scaling dimension of the excitations. Indeed, for both models the 2-agglomerate 
noise contribution is fiat around u = 2ujo, as can be verified from (fTSl) and from the 
scaling dimension Ap^^p = 1/4, and it decreases at higher frequencies as {uj — 2ujq)/oJc, 
as a consequence of the exponential cut-off (cf. Eq. f lT5|l ). It is then necessary to depress 
the tail of the single-qp contribution in order to emphasize its presence. This is indeed 
achieved for uq > (cf. Sec. 12. 3p . 

Another common feature is the behaviour as a function of the ratio k, between the tunnelling 
amplitudes. By increasing k, the height of the single-qp peak progressively decreases with a 
rising of the 2-agglomerate contribution in the high frequency region. This is connected to 
the reduction of the relative weight of the single-qp noise with respect to the 2-agglomerate. 
Indeed, for k, = 2 (Figs|T|D and[2]3) a much better resolved peak appears at a; ~ 2ujq whenever 

Wo > Wn. 

Concerning the possible differences between the two models one can easily recognize that in 
the Pfaffian model the single-qp peak is more sharp and pronounced with respect to the one 
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Figure 4. Ratio Sb{2ujo)/ Sb{i^o) as a function of temperature for the Pfaffian model 
(black, full) and the anti-Pfaffian model (black, dashed). Other parameters are: k ~ 2, 
LOc = 500 mK, = 50 mK and loq ~ 300 mK. 



in the other. The reason is again connected to the scahng dimensions (cf. Eq. (l20|) ) which 
are more relevant in the first case. In order to better characterize this fact we consider the 
thermal evolution of the total finite frequency noise for both the models at k = 2. The 
results are shown in Fig. [3l In the Pfaffian case (Fig. |3t) the single-qp peak remains visible 
for a large range of temperatures despite the fact that the one of 2-agglomerate disappears 
quite soon. For the other model (Fig. |3b) the two peaks rounded in an analogous way by 
increasing the temperature. Note that for the higher considered temperature (T = 100 mK) 
the described two-peak structure is completely washed out for both models. According 
to the power-law behaviours described in Sec. 12. 3[ we expect for the ratio between the 
heights of the peaks R = Sb{2uo)/ Sb{ujo) the power-law dependences on the temperature 
Rp ^ Ta and Rap ~ constant for the Pfaffian and the anti-Pfaffian model respectively. 
These completely different trends clearly appear in Fig. |U where the ratios have been 
represented as a function of temperature and allow to better distinguish between the two 
models. 

Before to conclude we would like to comment on the role of coupling with possible external 
environments. As already discussed in several papers both for the Laughlin and Jain series 
and more generally for one dimensional Luttinger systems [211 HH HQ], [50l [511 IS2l [Ml [M] 
these interactions cause a change in the scaling dimensions which could induce visible effects 
in transport properties. 

In particular, for the u = 5/2 case the effects of the out of equilibrium 1/f noise determined 
by the coupling of the edge with trapped charges in the substrate [55] has been recently 
proposed as a source of interaction for the charged and neutral bosonic modes [22] . 
Despite the several theoretical predictions, no defined experimental results on the role of 
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interaction were achieved until now, especially for the u = 5/2 case. This is the reason 
why we confined the analysis of the present work to the non-interacting case. However, the 
inclusion of interactions is quite straightforward according to the results described in the 
previous Section. The main effect is a dressing of the bosonic correlators in Eqs. ( |T3l) and 
( 124|) {ips{0,t)ips{0,0))int = gs{^siO,t)(ps{0,0)) (s = c, n) with renormalization parameters gc 
and (7n leading to the change in the scaling dimensions 

= + ,.lm^ AiTp) = + g^^m^ + g^^n^ . (28) 

For weak enough interactions the presented phenomenology is robust and we do not expect 
qualitative changes with respect to the above results. In the strong renormalized case 
two distinct regimes are possible. For gc and g^ leading to scaling dimensions satisfying 
1/4 < Ajr^p < 1/2 the peaks at a; = mujo turn into dips. Despite this change in the 
shape of the curve, it is still possible to resolve the contributions due to the different m- 
agglomerates. Conversely, when the interactions are so intense that AjT^p > 1/2 the total 
finite frequency noise increases monotonically with frequency and one loses track of the 
presence of the resonances. In this case it is more difficult to distinguish the presence of the 
various excitations. A detailed analysis of the renormalized case will be given elsewhere. 

4. Conclusion 

In this paper we analyzed the finite frequency noise for two credited theories proposed for 
the FQH state at z/ = 5/2, the non-Abelian Pfaffian model and its particle- hole conjugate, 
the anti-Pfaffian. We considered the presence of the two most dominant excitations: the 
single-qp, with charge e/4 and the 2-agglomerate, with charge e/2. The finite frequency 
noise has the unique possibility to resolve spectroscopically the contributions of the different 
excitations looking at different Josephson resonances. We showed that the peak associated 
to the 2-agglomerate is more evident at Josephson frequency higher than the neutral mode 
cut-off, where the tail of the single-qp contribution decreases faster. We also considered 
the different evolutions of the height of the single-qp peak as a function of temperature, 
driven by the different scaling dimensions, as an important tool to discriminate between the 
models. 
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